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Abstract 

We discuss the non-equilibrium fluctuation problem, which corresponds to the hydro- 
dynamic limit established in [9] , for the dynamics of two-dimensional Young diagrams 
associated with the uniform and restricted uniform statistics, and derive linear stochas- 
tic partial differential equations in the limit. We show that their invariant measures 
are identical to the Gaussian measures which appear in the fluctuation limits in the 
static situations. 



1 Introduction 

In our companion paper [9] we investigated the hydrodynamic limit for dynamics of two- 
dimensional Young diagrams associated with the grandcanonical ensembles determined 
from two types of statistics called uniform (or Bose) and restricted uniform (or Fermi) 
statistics introduced by Vershik [18]. The aim of the present paper is to study the cor- 
responding non-equilibrium dynamic fluctuation problem. The theory of the equilibrium 
dynamic fluctuation around the hydrodynamic limit is well established based on the so- 
called Boltzmann-Gibbs principle, see [13]. However, the results on the non-equilibrium 
dynamic fluctuations are rather limited, cf. [3], [5] due to a special feature of the models 
and [2] in a more general setting. In the present case we are able to derive linear stochastic 
partial differential equations (SPDEs) in the limit. Also, the fluctuations can be studied 
in the static situations and these results are reinterpreted from the dynamic point of view 
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by identifying the static fluctuation limits with the invariant measures of the hmit SPDEs. 
See [16], [7], [20] for static fluctuations under canonical ensembles. 

As shown in [9], the dynamics of the two-dimensional Young diagrams can be trans- 
formed into equivalent particle systems by considering their height differences. In fact, 
in the uniform statistics (short term U-case), the evolution of the height difference = 
{Ct{x))xeN € of the Young diagrams' height function ijjt{u),u G M+ deflned by 

^t{x) = i/}t{x — I) — ^iid suppHed with the condition ^^(0) = oo performs a weakly 

asymmetric zero-range process on N with a weakly asymmetric stochastic reservoir at {0}. 
Here we denote = {0, 1, 2, . . .}, N = {1, 2, . . .} and M+ = [0, oo). Such a particle sys- 
tem is further transformed into a weakly asymmetric simple exclusion process fjt G {0, 1}^ 
on the whole integer lattice Z without any boundary conditions by rotating the xy-plane 
around the origin by 45 degrees counterclockwise and projecting the system to the x-axis 
rescaled by \/2- This involves quite a nonlinearity as observed in Section 4 of [9]. 

On the other hand, in the restricted uniform statistics (short term RU-case), the 
height difference r)t = {rit{x))xGN G {0, 1}^ of the Young diagrams' height function supplied 
with the condition r/t(0) = oo performs a weakly asymmetric simple exclusion process on 
N with a weakly asymmetric stochastic reservoir at {0}. 

The hydrodynamic limit for the weakly asymmetric simple exclusion process fit on the 
whole integer lattice was studied by [10] and [3], and the corresponding fluctuation limit by 
[3] and [5] . In these works the convergence of the density fluctuation fields was shown only 
in the space of processes taking values in generalized functions such as D([0, oo), 5'(M)) 
or D([0,T],?i') for a kind of Sobolev space Ti' with negative index. In the U-case it 
is indeed necessary to transform fjt back to through a nonlinear map, so that these 
convergence results are too weak and it is necessary to establish the tightness of fjt (under 
scaling and linear interpolation) in the space D{[0,T], D{R)), i.e. a stronger topology. 
The boundary condition in the RU-case needs additional analysis. The fluctuations for 
the simple exclusion process with boundary conditions in a symmetric case (i.e. e = 1) 
were studied by [15]. The weakly asymmetric case was discussed by [4] but without 
mathematically rigorous proofs. The tightness in the space D{[0,T], D(R)) beyond the 
time scale of the hydrodynamic limit was established by [1] and they derived the KPZ 
equation in the limit. We follow their method with an adjustment concerning the boundary 
condition in the RU-case. 

In Section 2 we flrst recall the results of [9] on the hydrodynamic limits and then 
formulate our main results on the fluctuations as Theorems 2.1 and 2.2 for the U-case and 
Theorem 2.3 for the RU-case. The proofs of these results are given in Sections 3 and 4. 
Finally, in Section 5 we discuss the invariant measures of the SPDEs obtained in the limit 
and their relations to those obtained in the static situations, see Theorems 5.2, 5.4 and 
Proposition 5.1. 

In this paper, given a Banach space X and / CM, C{I,X) denotes the set of all 
continuous functions equipped with the locally uniform convergence, as well as D{I,X) 
the set of all cadlag functions equipped with the Skorohod topology. Abbreviate C {I, M) = 
C{I) and D{I,M.) = D{I). Furthermore define for each r > the weighted L^- space L1{I) 
equipped with the norm |/|l2(j) = {/^ |/(u)pe-2''l"ldn}V2 and set Ll{I) := nr>oLl{I). 
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2 Main Results 



We first recall the notation used in the paper [9] and briefly summarize the results obtained 
there. For each n G N, let Vn be the set of all sequences p = {pi)ien satisfying pi > P2 > 
■ ■ ■ > Pi > ■ ■ ■ I Pi ^ ^+ and n{p) := Ylii^nPi — ^- Let Q„ be the set of all sequences 
Q = (%)ieN e Vn satisfying qi > gj+i if qi > 0. For n = 0, we define Vq = Qo = {0}, 
where is a sequence such that pi = for all i G N. The unions of Vn and Q„ in 
n G Z+ are denoted by V and Q, respectively. The height function of the Young diagram 
corresponding to p G 7^ is defined by 

'^pi'^) = i{«<Pi}' ^ ^ 

ieN 

and its scaled height function by 



for N > 1. Note that tpq and ip^ are defined for g G Q, since Q C V. For < e < 1, 
the dynamics := = (pi(i))ieN on P and qt := = (Q'j(t))igN on Q are introduced as 
Markov processes on these spaces having generators L^^u and L^^r, respectively, defined 
as follows. The operator L^^u acts on functions / : 7^ ^ M as 

(2.1) L,,um =T.i^hpi-^>P^}{fiP''^) - fiP)} + hpi>P^+^}{f(P'n - fiP)}], 
while the operator L^^r acts on functions / : Q — )• M as 

(2.2) L,,Rf{q) = J2 [eHg,.,>,,+i}{f{q''^) - /(?)} + H,,>g,+,+i or g,=i}{f{Q'n ' /(q)}] , 
where p^'"^ = (p''^)jeN € V are defined for i G N and p G 'P by 



i,± _ \Pj ifi/^> 



and q'^'^ G Q similarly for q ^ Q. In (2.1) and (2.2), take po = oo and go = oo. These 
processes have the grandcanonical ensembles on V and on Q as their invariant 
measures, respectively, where iifj and are probability measures on these spaces defined 

by 

-"MP) = peV and t,%{q) = ^e'^(^), q e Q, 

and 2'[/(e) = JlfcLill ~ s'^)^^ and ^^(e) = Ofelill + are the normalizing constants. 

Choose e = e{N){= £ij{N),eR{N)) in such a way that in each case the averaged size 
of the Young diagrams under fifj or fi^, is equal to A^^, i. c. 

Ee(N)[nip)] = and Kg)] = A^'. 
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The asymptotic behavior eu(N) = 1 - a/N + 0{logN/N'^) and eR{N) = 1 - f3/N + 
0{logN/N^) as ^ oo, with a = IT /Ve and /3 = ir/Vu was shown in Lemmas 3.1 and 
3.2 in [9]. Define the corresponding height functions diffusively scaled in space and time 

by 

i^^{t,u) := ^P^^^^{u) = lv.p^^^(iVn) and ^^>^{t,u) := 4>^^^^{u) = l^^^.^^^(Nu), 

with e = £{N). The following results are obtained in [9], Theorems 2.1 and 2.2. Denote 
the partial derivative by tp' . 

(1) If V'c/ (0) u) converges to -00 £ (see below) in probability as — )• oo, then ipij{t, u) 
converges to ipir{t,u) in probability. Here '4'{t,u) := il)u{t^u) is a unique solution of 
the following nonlinear partial differential equation (PDE): 

with the initial condition ■0(0, •) = V'c/,o(")> where M^]_ = (0, oo). 

(2) If ^/'^(O, li) converges to ifjQ E X^j (see below) in probability as — )• oo, then ip^{t, u) 
converges to il)R{t,u) in probability. Here i^{t,u) := ipR{t,u) is a unique solution of 
the following nonlinea PDE: 

9tV = V'" + /3^'(l + ^'), UGR+, 

with the initial condition 0(0, •) = V'-R,o(')- 
Consider these PDEs in the function spaces Xu and Xr, respectively, and their solutions 
are unique in these classes: 

Xu :={V' : M+ ^ M^;0 G C^,^;' < O,lim0('u) = oo, lim 0(ti) = 0}, 

Xr :={V' : M+ ^M+;0 G C\-1 < V' < 0,V'(0) = -1/2, lim 0('u) = 0}. 
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The aim of the present paper is to estabUsh the corresponding fluctuation hmits. 
Namely, we consider the fluctuations of il)^{t,u) and ip^{t,u) around their hmits: 



which are elements of D{[0,T], D{Rl)) and D{[0,T], D{R+)), respectively. 

A natural idea in the U-case is to investigate the fluctuation of the curve 'tpjj{t) 
around ipu{t), which are obtained by rotating the original curves il^{j{t) and il^uit) = 
{{u,y);y = ipu{t,u),u G R5]_} located in the first quadrant of the uy-plane by 45 degrees 
counterclockwise around the origin O, respectively, where '>p^{t) is a continuous indented 
curve obtained from the graph {{u,y);y = ilj^{t,u),u G M+} of the original function 
{t, u) by filling all jumps by vertical segments. In particular, this contains a part of 
y-axis: {{0,yy,y > i>ll{t,0)}. 



'4>h{t,v 




Figure 2: Rotating by 45° yields functions on R and a particle system on Z. 

Then, we consider 

4ff} {t, v) := Vn{^^ {t, v) - i^uit, v)), ve R, 

which is an element of D{[0, T], C(R)). The fiuctuation ^'^(t) defined as above is a natural 
object to study, since the Young diagrams corresponding to the class V belong to the same 
class under the refiection with respect to the line {y = u}, while those corresponding to 
Q do not have such property in general. 

We are now at the position to formulate our main theorems. In the U-case, we first 
state the result for 'l'^(t) and then apply it to ^^(t). We assume the following three 
conditions on the initial values {0,v)}n and {ip^j {0,0)}]\f: 

Assumption 1. (1) For every k G N, the following holds: 

(i) sup^gN E[exp{Kil)l} (0, 0)}] < oo, 

(ii) sup^gNSup^eR^[l^c/(0'f^)Pl < 

(iii) foranyt;i,t;2 G Z/N sup^^^ E[\^fj{0,vi)-^f}{0,V2)\^^] < C\vi-V2\'' with C > 0. 
(2) {"^^ (0, v)}n are independent of the noises determining the process {pl^^^; t > 0}. 
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(3) ^'^(0,1;) converges weakly to ^'c/,o(^^) in C{R), and £^[|^(7,o|^2m)] < oo for all r > 0. 



For every initial value ipui^) G one can easily construct non-random or random 

ijmM or {^^1 



sequences {V'c/ (0)}7V or {^{^(0)}^?, which satisfy these three conditions. 



Theorem 2.1. (U-case under rotation) Under Assumption 1, 4>^(t,v) converges weakly 
to ^u{t,v) as N ^ oo on the space D([0, T], C(M)) for every T > 0. The limit ^u(t,v) 
is in C([0, r], C(M)) (a. s.) and characterized as a solution of the following SPDE: 



f dtMt,v) =l^uit,v) + ^il-2p{t,V2v))¥uit, 



(2.3) 



+ 22 p{t, V2v){l - p{t, V2v))W{t, v), 



where p{t,-) is the solution of the PDE (3.1) below, or equivalently p{t,-) = ^u{^puit)){•) 
with the map : Xu — >■ Yu defined in Proposition 4-4 of [9] (or given explicitly in the 
proof of Lemma 3.3 below), and W{t,v) is the space-time white noise on [0,T] x M. 

The solution of (2.3) is defined in a weak sense: We call '^u{t,v) a solution of the 
SPDE (2.3) if it is adapted with respect to the increasing cr-fields generated by {W^(s); s < 
i}, satisfies *[/ G C{[0,T],C{R))nC{[0,T],Ll{R)) (a.s.) and for every / e Co'^([0, T] xM), 

iMt), fit)) = {^u,o, /(O)) + J\Ms), ifi^) - ^ ((1 - 2p(5, V2 .))f{s)y + dsf{s))ds 

f{s, ■u)22 ^Jp{s, V2v){l - p{s, V2v))W{dsdv) 



a. s., 



where {^,f) = J^'^{v)f{v)dv. Similar to the SPDE (2.6) (with the boundary condition) 
stated below, one can show that the solution of (2.3) is equivalent to its mild form and 
unique in the above class. 

Although the directions of the fluctuations are different in and ^'j^, we still 
are able to deduce the next theorem from Theorem 2.1. As pointed out before, the 
transformation is nonlinear, so it is important that the convergence in Theorem 2.1 is 
shown in a function space D([0,T], C(M)). 

Theorem 2.2. (U-case) Under Assumption 1, '^^(t,u) converges weakly to 'I'[/(t, n) 
as N oo on the space D{[0,T], D{M°^)) for every T > 0. The limit ^'(/(i, u) is in 
C([0,T], C{Rl)) (a. s.) and a solution of the following SPDE: 



(2.4) 



' [1 + pu{t,u))^ J {l + pu{t,u))^ \l + pu{t,u) 



where pu{t,u) = —ip[j(t,u) and W{t,u) is the space-time white noise on [0,T] x M^. 

Let L2(M^),r > be the weighted L -space of functions on equipped with the 
following norm: Take a positive function gr G C°°(M^) such that griu) = u^+^'^/°' for u G 
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(0,1] and gr{u) = e for u G [2,oo), and define |*|]^2(]ro_^ = {/^o \^{u)\'^gr{u)du}^/'^ . 

Again, we set Lg(]R^) = nr>o-f'r(^^+)- The reason to introduce these spaces is explained 
in Remark 3.3 below. 

The solution of the SPDE (2.4) is defined in a weak sense: We call '^[/(t, u) a solution 
of the SPDE (2.4) if it is adapted, satisfies "^u € C{[0,T],C{R°_^))nC{[0,T], Ll{M.°^) (a.s.) 
and for every / G Cq'^{[0,T] x M^), 

(2.5) ° , ^ ^ 



+ // fis,u)J '^P''^';''\ w{dsdu) a.s., 
Jo JRi V ^ + Pu[s,u) 



where {"ifu,/) = J^o '^u{u)f{u)du. The solution of the SPDE (2.4) is unique under 
condition (3.15), see Lemma 3.7 and Proposition 3.11 below. 

Remark 2.1. The boundary condition for the SPDE (2.4) is unnecessary. Here this is seen 
at least under the equilibrium situation: pu{t,u) = puiu). Consider the corresponding 
diffusion on to the linear differential operator appearing in (2.4) given by 

dXt = h{Xt)dt + a{Xt)dBt 

with 



{l + pu(x)Y (l + pc7(x))3' ^ ' l + pu{xy 

and Bt a 1-dimensional Brownian motion. Then we can show that the corresponding scale 

function defined on diverges to — oo as n |, 0. This means that is a natural boundary 
for Xt, see, e.g., Proposition 5.22 in [12]. Accordingly, we do not need any boundary 
condition at n = 0. 

For the RU-case, we assume the following three conditions on the initial values 

{*^(0,n)}^ and {^^M}n: 

Assumption 2. (1) For any k G N, the following holds: 

(i) sup^gN^[exp{K^^(0,0)}] < oo, 

(ii) SUp^gf^ SUp^giR^ ^[1^-^(0,1^)12^] ^ oo, 

(iii) for any txi,n2 GN/ArsupjveN^[|*R(0,^^i)-^fl(0,U2)|2'^] <C|ui-«2r 
with C > 0. 

(2) {^'^(O, u)}Ar are independent of the noises determining the process {qf'^'^^t > 0}. 

(3) "^^{0,u) converges weakly to ^'/j^o(^) in -D(M_|_). Moreover, we assume that ^_r,o G 
(a. s.) and E[\^ jifl\'j^2 m \] < oo for all r > 0. 



Remark 2.2. The scaled height V^^(0,0) at t = and n = appearing in Assumption 
2-(l)(i) is equal to the initial particle number of the weakly asymmetric simple exclusion 
process rjt divided by N, see Section 4. 
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Theorem 2.3. (RU-case) Under Assumption 2, ^^{t,u) converges weakly to ^ji{t,u) 
as N ^ oo on the space D([0,T], D(M.^)) for every T > 0. The limit ^ji{t,u) is in 
C([0,T], C(M+)) (a. s.) and characterized as a solution of the following SPDE: 



(2.6) 



f dt^nit, u) = ^Ut, u) + 13{1 - 2pR{t, u) 
+ ^/2pR{t,u){l- pR{t,u))W{t,u), 

^'R{t,0)=0, 



where pR{t,u) = —il)'^{t^u) and W{t,u) is the space-time white noise on [0, T] x M_)_. 

Again, we say ^^(t, n) is a solution of the SPDE (2.6) if it is adapted, satisfies 
^R G C([0,r],C(M+)) n C([0,r],L2(M+)) (a.s.) and for every / G Co'^([0,T] x M+) 
satisfying f'{t,0) = the following holds: 

{^R{t), f{t)) ={^R,0, /(O)) + [\^R{s),f"{s) - m - 2pR{s))f{s)y + dsf)ds 

(2.7) 



+ 



[ I f{s,u)^/2pR{s,u){l - pR{s,u))W{dsdu) a.s. 
Jo Jr+ 



Similarly as in [11], one can show that the solution of (2.6) is equivalent to its mild form, 
that is, ^R{t,u) is an Lg(M+)-valued adapted process and the following holds: 

■^R{t,u)=[ p{t,u,v)-^R,o{v)dv+ [ I 2pp{t- s,u,v)p'R{s,v)^R{s,v)dvds 
Jr+ Jo J's.+ 

I — p(i - s, u, v)P{l - 2pr{s, v))^r{s, v)dvds 
Jr+ o'f 

+ / / Pit - s,u,v)^y2pR{s,v){l - pR{s,v))W{dsdv) a.s., 
Jo J'S.+ 



where p{t,u,v) is the fundamental solution to dt^{t,u) = ^"{t,u) with the homogeneous 

Neumann boundary condition at 0, that is p{t,u,v) = —^^{e 4t + e 4* },u,v G 
R_(_. The properties of pR{t,u) and basic estimates for p{t,u,v) imply the existence and 
uniqueness of the solution to (2.6). On the other hand, one can also show the continuity 
of the trajectory of ^'_R(t, •) as an Lg(]R-|_)-valued process and the joint continuity in t and 
u. Since the arguments are standard, the details are omitted. 



3 Proof of Theorems 2.1 and 2.2 
3.1 Proof of Theorem 2.1 

As already pointed out in Section 1 (or see Section 4 of [9] for more details), the height 
difference = i^t{x))x&N £ (^+)^ of V'pt can be transformed into a weakly asymmetric 
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simple exclusion process r]t = {r}t{x))x&'L £ {0, 1}^ on a whole integer lattice Z. For further 
use, we introduce two functions and on Z by 

C^ti^) ■=^{'^ - nt{z)) and C^(x) := ^ ??t(z), 

which are the main parts of the transformation. The scaled empirical measures of the time 
accelerated process 1)^ := fjj^2^ of fjt given by 



^f{dv):=^J2^^{x)S^{dv), ve: 
converge, as A?^ — )• oo, to the unique classical solution p{t,v) of 
(3.1) 



dtp{t, v) = p"{t, v) + a{p{t, v){l - p{t, v)))', t>0,veR, 
p{0,v) = po{v). 



See Proposition 4.2 of [9] for the precise statement and distinguish p{t,v) from pu{t,u) in 
Theorem 2.2, though we use similar notation. Furthermore, the continuous version of the 
inverse transformation above leads to ipuitju) = .) ((C^(t .))~''^(^)) > with 

/V poo 
{1- p{t,w))dw and (+^ .^{v):= p{t,w)dw. 
-OO J V 

This is indeed defined via the inverse map of sec Proposition 4.4 of [9]. To shorten 
notation, we wi' 

•) given by 



notation, we will use C,t{v) = C^^j .-^{v) and Ct^{x) = (,_^{x). The fluctuations for rj^ around 



^ff {t, dv) ■= ^/N(7^f{dv) - p{t, v)dv) , 

are considered as distribution- valued processes in [5]. Due to the fact that we want to 
deal with the height function 'ip^{t,v), we will look at an integrated version of ^ff{t,dv), 
namely 

^§{t,v) := VN(7r^{[v,<^)) - J\{t,w)dw). 

The asymptotic properties of p{t, •) and of the tails of Trf' guarantee that the integrals are 
finite for all w G M, therefore ^^{t,v) is well-defined. There is an immediate result on the 
fluctuations following from Theorem 2.3 for the process with a stochastic reservoir at {0}. 

Assumption 3. (1) For every k G N, the following holds: 

(i) sup^gpj E[exp{KTT^ ([0, oo)}] < oo, 

(ii) sup^gp^ sup„g]R E[\^f} (0, < oo, 

(iii) foranyi;i,i;2 e Z/iV supjvgN ^[1*^(0, 'i^i)-*^(0, ?^2)Pl < Cl^i-usl'^ with C> 0. 

(2) {^jj{0,v)}n are independent of the noises determining the process {^t',t > 0}. 

(3) ^§{Q,v) converges weakly to ^o{v) in D{R), and *o € C{R) (a.s.) such that for all 
r > ^[|*oli2(K)] < oo. 
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Proposition 3.1. Under Assumption 3, as N oo, ^ij{t,v) converges weakly on the 
space D{[0,T], D{R)) to ^u{t,v). The limit is characterized as the unique (weak) solution 
of the following SPDE: 

(3.2) dt^u{t, v) = %{t, v) + a(l - 2p{t, v)Wu{t, v) + ^2p{t,v){\ - p{t,v))W{t, v), 
i.e. *c/ G C([0,r],C(M))nC([0,r],L2(R)) (a.s.) and for every f e Cl''^{[Q,T\ xM), 

{^u{t), fit)) ={^u,o, /(O)) + [\^u{s), f"{s) - «((1 - 2p{s))f{s)y + dsf{s))ds 

(3.3) ^ 

+ f{s, v)V2p{s, v){l - p{s, v))W{dsdv) a.s., 

Jo JR 

with p{t) being the solution to (3.1), W{t,v) being the space-time white noise on [0,T] xM. 

Remark 3.1. (1) In Assumption 3-(l)(i), vr,^ ([0, oo)) represents the initial particle number 
divided by N of fjt on the positive side. RecaUing the definition of the empirical measures 
of vacant sites of fjt: 7r^{dv) = jfYlxezi^ ~ Vt {^))^x/N{dv) given in Lemma 4.3 of [9], 
this assumption imphes a similar condition for the initial density 7r^((— oo,0]) of vacant 
sites divided by N on the negative side by the symmetry in the state space Xjj of f\t given 
in Section 4.1 of [9]. 

(2) The fluctuation limit for ^'^(t, v) on the positive side can be studied similarly to 
Theorem 2.3. To study it on the negative side, we note that '^fj{t,v) is equal to 

/V 
il-p{t,w))dw) 
-oo 

with an error less than \/7^/N. The fluctuation hmit for ^^{t,v) (in particular, the 
tightness of the Hopf-Cole transformed process) on the negative side is shown similarly to 
Theorem 2.3 by looking at 1 — f]^ (x) instead of f]^ (x). 

Remark 3.2. Dittrich and Gartner [5] proved the fluctuation results for ^lj(t,d,v) as 
a distribution-valued process. However, this is not sufficient for our purpose. Indeed, 
since we will apply a nonlinear transformation in the next stage, we need to establish the 
convergence in a usual function space formulated as in Proposition 3.1. This is essentially 
carried out in Section 4. 

We now prepare two lemmas to deduce Theorem 2.1 from Proposition 3.1. Recall 

that p £ V determines 'ipp and -0^ as well as 77 = {i]{x))x^'l and the empirical measures 
TT^ {dv) on ]R. For simplicity, we will write 7r{dv) for Tr^idv) in the following. The next 
lemma concerns the indented curves ip^j and ipjj (with = 1), obtained by rotating ipp 
respectively ip^ as described before. 

Lemma 3.2. We number the set {x G Z;f]{x) = 1} from the right as that is, 

qi = max{x G "L^fjix) = 1}, q2 = max{a; < qi;fj{x) = 1} and so on. Then, we have that 

(3.4) i^lj{v) = V27r([V2?;, 00)) + v, 
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for all V G U°Zo[{Qi+i + l)/V2,qi/V2], where qo = oo. In particular for arbitrary v eM. 

(3.5) \i^}j{v)-{V2TT{[V2v,oo))+v}\<V2, 

(3.6) li^ffiv) - {V27r''i[V2v,oo))+v}\ < ^. 

Proof. Set h{v) := 27r([f,oo)) + v. Since 7r([^i,oo)) = ^{j;qj > qi} = i for i G N, 
we have h{qi) = 2i + qi = 2i + [pi — i) = pi + i, which is equal to the height of the 
curve -^^{v) at i; = qi/V^ multipHed by \/2, i- e. h(qi) = -v/2V'^(9i/\/2)- Therefore (3.4) 
holds for V = qil\f2. The functions on both sides of (3.4) have slope 1 on the intervals 
((g^+i + 1)/a/2, qi/V^) which yields the first assertion. The function h{v)/\/2 has a jump 
with size \/2 nA, v = qi and this leads to (3.5). (3.6) follows from (3.5) by scaling. □ 

The second lemma concerns the curve ipu obtained by rotating ^jj. 
Lemma 3.3. It holds that 

POO 

(3.7) i^uiv) = V2 p{w)dw + 

JV2v 

where p{v) := (^u{'4'u)iy), see Theorem 2.1 for the map 

Proof. An explicit representation of the rotation via its rotation matrix yields 

ip{v)) ^/2\u + ■^p{u) 

where G^{u) = u — -iPiu). This implies that ip{v) = {G-^{V2v) + iIj{G-^{V2v))} /^/2. 
Since {G-^^y{v) = 1/{1 - V'(G;H^))}, this implies 



l + 4^'{G-\V2v)) 



l-^'iG-\V2v)y 

Together with p{v) = ^uWiv) = -^j' {G^^ (v)) / {1 - i^' (G^^ (v))} or written equivalently 
as V;'(G^^(i;)) = -p{v)/{l - p{v)) we obtain ^'(?;) = 1 - 2p{\/2v). 

The derivative of the right hand side of (3.7) is given by 1 — 2p{y/2v), which coincides 
with w{v). Since both curves have {y = v} as an asymptotic line for v ^ oo, (3.7) is 
proven for all v € M. □ 

There is an immediate corollary based on Lemmas 3.2 and 3.3. 
Corollary 3.4. For all t > and v eM. the relation 

^^{t, v) = V2^^it, V2v) + i?^(t, v) 



holds with an error term satisfying \R^(t,v)\ < ^J2/N . 

Proof of Theorem 2.1. By Corollary 3.4, the limits ^'[/(t, f) and ^u(t,v) of ^^{t.,v) and 
^§{t,v) are related by ^uit,v) = V2^uit,V2v). Therefore we can derive the SPDE 
(2.3) from the SPDE (3.2) in the weak formulation by replacing the space-time white noise 
properly. Corollary 3.4 also shows that Assumptions 1 and 3 are mutually equivalent. □ 
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3.2 Proof of Theorem 2.2 

In order to derive the SPDE (2.4) for the hmit ^'c/(t,u) of ^^(i, ti), we are not able to 
apply the same transformation used to get ipuit, •) from p{t, •) because the random noise 
certainly makes it impossible to extend it to the spaces containing "^u or equivalently 
and ^ij. Instead, we exploit some of the calculations made in Section 4 of [9]. For every 
/ G Co(M^), we set F{u) = f{v)dv, and then we have that 

(3.8) i;f}{t,u)f{u)du=j-J2F{jrCt''{^))fif{^), 

(3.9) / ^uit,u)f{u)du= f F{Ct{v))pit,v)dv. 

These arc the key identities for our next proposition. We will employ Proposition 3.1 
rather than Theorem 2.1, but which are actually equivalent as we observed above. 

Proposition 3.5. The weak limit "^u{t,u) of {t,u) as N ^ oo exists and is given by 
the formula 

(3.10) 



Proof. Since the convergence in Proposition 3.1 is only in a weak sense, we start by using 
Skorohod's theorem and then assume that ^'^(i, u) converges almost surely to "^uit, u) on 
D{[0, T], -D(M)) by choosing a proper probability space. In order to simplify the notation, 
we still use the same name in the following. Then, by (3.8) and (3.9), for each function 
/ € Co(M^), we can compute 



/^<(t,n)/(n)dt.=Viv(^^F(Ct(^))f?f(x)- / F{Q{v))p{t,v)dv] 



Integration by parts and summation by parts yield 

F{Ct{v))p{t,v)dv= [ f{Ctiv)){l-pit,v))dv I p{t,w)dw, 



^E^(Ct(f))^f(^)= / f{Ct{v)){l-p{t,v))7rf{[v,<^))dv. 



N 



Therefore can be written as an integral with respect to ^'j)^, and with the help of 
Proposition 3.1 and a simple substitution u = Ct{v), we have that 

(3.11) lim5f= lim [ f {Ct{v)) {1 - p{t,v))^{}{t,v)dv = [ f{u)^u{t,CrH'^))du. 
In the following, we are going to show 

(3.12) hm 5f = / fiCtiv))p{t,v)^u{t,v)dv 



a. s. 
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By Taylor's formula, it holds 

nui'i-)) - nm) = im)) - m)) + ncN,4^ - my 

with Civ,. e [min{^Cf W,Ct(^)},max{^Cf (^),Ct(^)}]- 

The above appearing term j^Ct^{x) — Ct{ji) is basically given by the process We 
show this using the asymmetry property (see Subsection 4.1 in [9]) which leads to 

/•oo 

Ct{f) = \f\+ P{t,v)dv and ^Cf(a^) = |^|+vrf([f,oo))-^f?f(x). 
Thus, using these relations, we see that 

S^- [ f{Ctiv))pit,v)^u{t,v)dv\ < 

(3.13) i^ii + \E2\ + \j,Yl fim) i^u §) - 

+ \wT.fi'^tm^u{t,§)fl^{x)- I f{Ctiv))p{t,v)^u{t,v)d 



where 



Clearly, £'i — )• a. s. because of the extra v in the denominator. On the other hand, 
from Proposition 3.1, in particular, the fact that the limit ^u{t,u) of ^ij{t,u) is in 
C([0,r],C(R)) a.s., we know that 

sup \^ij{t,v)\ < oo a.s., 

te[Q,T],Nen,vel-K,K] 

which implies £^2 a.s. by recalling that / G Cq(M^). 

To conclude the proof of (3.12), let us now reformulate a result which follows from 
Proposition 4.2 of [9]. Under our assumptions, for any function g G Co(M+), as N ^ 00, 
wJ2xez9{Ct{§))fi^{x) converges to J^g{Ct{v)) p{t,v)dv in probability. Applying this 
result for g{-) = f{-)'^u{t, Cf^{-)) and using the compactness of the support of /, we have 
that the last term on the right hand side of (3.13) converges to a.s. In the end, using 
Proposition 3.1 again and recalling that we apply Skorohod's theorem, we have 

lim sup \^ij{t,v) - ^uit,v)\ = a.s., 

telo,T],ve[-K,K] 

and thus applying the above result for g{-) = /(•), we also see that the third term on the 
right hand side of (3.13) converges to a. s. So, the proof of (3.12) is completed. 

Finally, we substitute with u = Ct{v) and therefore the limit for is given by 

/ f{Ct{v))p{t,v)^u{t,v)dv= I f{u) p^\yj:f\^ u{txr\u))du, 

Jr Jr°_^ l-p{t,Q {u}) 

which completes the proof (3.10) with the help of (3.11). □ 
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Now that we have a formula for the hmit process the next step is to identify the 
corresponding SPDE. A direct computation with 'i/ju{t,u) = C^^ .) ((C^(t .))~''^('*^)) leads to 
the following lemma, recall that pu{t,u) = —'tp[j{t,u) is defined in Theorem 2.2. 



Lemma 3.6. We have that 



pu{t,u) = ^ and l + pu{t,u) = 



We are at the position to give the proof of Theorem 2.2. We prove that the limit 



^;7(t,tt) of '^fj{t,u) obtained in Proposition 3.5 satisfies the SPDE (2.4). 



Proof of Theorem 2.2. Fix a function / G Cq'^([0,T] x and consider the process 

^u{tj tested with /. Then, by the representation formula (3.10) combined with Lemma 
3.6 and the substitution v = (^^{u), we get 

/ f{t,u)^uit,u)du= f fit,u){l + pu{t,u))^u{t,Cr\u))du 

= I f{t,Ct{v))^uit,v)dv = {^uit),fit)oCt). 
Jm 

Since f{t) o Q & Cq''^{[0,T] x M), (3.3) rewrites the right hand side as 

{^U,o, /(O) o Co)+ [\^u{s), if is) o Cs)" - a((l - 2pis))f{s) o (,)' + ds{f{s) o 0))ds 
■Jo 

+ f [ f{s) o Cs{v)VMs, - p{s,v))W{dsdv). 

Jo 

Thus, for the initial condition, we get analogue to the above 

/(O) o Co) = / /(O, u)^uMdu. 



Let us consider the drift term. The relation Cs(^) = 1 ~ implies 

{f{sXs{v)))" - a((l - 2pis,v))f{s,Cs{v))y = (1 - p{s,v)fns,Cs{v)) 

- (p'(s, v) + a{l - 2p{s, v)){l - p{s, v))) f'{s, Cs{v)) + 2ap'{s, v)f{s, Oiv)), 

and by (3.1), 

ds{f{s, Uv)) = dsfis) o 0{v) - f'{s, Cs{v)) {p'is, v) + ap{s, v){l - p{s, v))) . 
These yield that the drift term is equal to 

f {^u{s), (1 - p{s)fns) o C. - {2p'{s) + a(l - p{s)f)f{s) o C. 
Jo 

+ 2ap'{s)f{s) o Cs + dsf{s) o Cs)ds. 
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With the substitution u = Ct{v) and (3.10) combined with Lemma 3.6, we come back to 
an expression in 

Jo \\ {^ + pu(s,u)y J J 

The last task is to check the noise term. We consider the quadratic variation of the in the 
above appearing stochastic integral, which is given by 

r / f{s,Cs{v))2p{s,v){l-p{s,v))dvds = f f f{s,u)2p{s,Q\n))duds 

Jo Jr Jo Js.°^ 

Jo Jri ^ + Pu[s,u) 

This proves (2.5) with a suitably taken space-time white noise W{t,u) on [0,r] X 
(which is different from that in Proposition 3.1) as in Lemma 4.16 below. □ 

For the proof of Theorem 2.2, the uniqueness of the solution to the SPDE (2.4) in the 
limit was unnecessary. Nevertheless, we show that uniqueness holds under the condition 
(3.15) stated below. 

Lemma 3.7. The relation (3.10) for ^u{t) o-nd ^u{t) translates to 

3-2r|u— !/>[/(*,«) 



(3.14) 111. Willi,., = + 

If in addition pu{t,u) satisfies the condition 

(3.15) c := inf upu(t,u) > 0, 

te[o,T],ue(o,i] 

then for every r > 0, there exists Cr > such that 

(3-16) ll^[/(i)llLp(M) < Cr\\^u{t)h2 (Ko). 

In particular, '^u{t) € -C'e(R+) implies ^uit) G -^e(^) ^'"'^ then the solution '^u of the 
SPDE (2.4) is unique in the class C([0, T], C(M^)) n C([0, T], L2(R^)). 

Proof By a change of variables, the left hand side of (3.14) can be rewritten as 

*M*.c.-'(»))«-'*'"'""fc"'(«))'<i«- 



/ 

Jr' 



It is easily seen that this integral is equal to the right hand side of (3.14) by applying 
Proposition 3.5, Lemma 3.6 and recalling that (^^{u) = u — il)u{t^u) and (Cr^(^))' ~ 
1 + Pu{t,u). This proves (3.14). To show (3.16), first note that ipu{t) G Xu behaves like 



-2r\u—tpij{t,u)\ 



l-i;'^{t,u) 
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for large enough u uniformly in t G [0, T]. On the other hand, condition (3.15) implies 
pif{t,u) > pu{u) := cu"^ on (0, 1] and therefore 

u - ipuit, u) <u- i)u(u) (< 0), 

near 0, where ipuiu) = — clogu. This results in a behavior like 

„-2r' ii-ri (I .a)\ „-27-' (/- i t (it)| „,2rc„2ru i 

£ ^ 6 ^ ^ 6 ^ ^^2rc+l 

'^ + Puit,u) ~ l + pu{u) 1 + 

near 0. Applying these estimates to (3.14) yields (3.16). Finally, transform the solution 

^u{t) of the SPDE_(2.4) in the elass C{[0,T],C{RI)) n C([0, T], Z2(M^)) into ^u{t) by 
(3.10). By (3.16) ^u{t) is a solution of the SPDE (3.2) in the class (7([0, T], C(M)) n 
C([0, T], Lg(M)). Since ^u{t) is uniquely determined in this class, uniqueness for ^{/(i) 
follows. □ 

In the final part of this section, we give an example of a class of initial values pt/(0, u) 
for which the condition (3.15) is satisfied along the time evolution pif(t,u). We first 
prepare a comparison theorem for solutions of PDE (3.1). 

Lemma 3.8. // two initial values of (3.1) satisfy p^^\0,v) < p^'^\0,v),v G M., then the 
corresponding solutions satisfy p^^\t,v) < p^^\t,v) for every t > and G M. 

Proof. This is immediate by applying the Hopf-Cole transformation. Or since the un- 
derlying microscopic system, the weakly asymmetric simple exclusion process on Z, is 
attractive, by passing to the hydrodynamic limit we see the conclusion for the limit equa- 
tion (3.1). □ 

Let p^{u) and p°°{v; C) be stationary solutions of the PDEs (3.22) and (3.1), respec- 
tively, with explicit formulas 

(3.17) p'^{u) := and p°-{v; C) := for every C> 0. 

Note that p^{v\C) are shifts of /9°°(v;l) and further recall that p(v) = <^u{'^u){v) is 
defined in Lemma 3.3. 

Lemma 3.9. Assume that the derivative pu{u) = —ip'uiu) of tpu G Xu satisfies 

(3.18) C2P^{u) < puiu) < Cip^(u), 
for some Ci > C2 > and 

(3.19) limsup|pi7(w) - p^(w)| < 00. 

u\.0 

Then, there exist Ci > C2 > such that 

(3.20) p'^iv;C2)<p{v)<p°^iv;Ci). 
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Proof. Recall the definitions of $[/ and given in the proof of Lemma 3.3 and note that 
what we only need to prove 

C'^e-'^'^ <pu{{G^)-\v))<C[e-^\ 

for some C[ > C2 > 0. Under condition (3.18), we can reduce this to show that there 
exist Di > D2 > ^ such that 

Dae"'' < e°(^*^"'(^) - 1 < £>ie°^". 

The condition (3.19) implies A = supo<u<i \pu{u) — p^'{u)\ < 00 and therefore 

lju(u) = / pu(u')du' + jpuil) < log(l - e-"") + A + iPuU), for any < u < 1. 

Ju a 



Similarly, for any < u < 1, ipuiu) > -^log{l-e-°"')-A+tpu{^)- Denote A+tpu{l) = Ci 
and -A + ipu{l) = C2. Then 

au + log(l - e-°") - aCi < aG^{u) <au + log(l - e""") - aC2 

and by taking the exponential, we obtain that for any v satisfying {G^)^^{y) < 1, 

(g"(Gv;)"^(f) _ i)e~"^i < e"^ < (e"('^*)~^('') — l)e~"^^. 

For V satisfying {Gji,)~^{v) > 1, we apply the same argument as above with tpuiu) = 
pu{u')du' to obtain the inequality 

where C = max{Ci,l/C2} > 1. Then, it is obvious that (l - e-°^(^*)"'M)*^-^ > (1 - 
^-a^C-i g^^^ (i_e-°{Gv,)-M''))VC^-i < (i_e-°)VC-i for y satisfying {G^y^{v) > 1. In 
the end, for any t; G M, we have 



mm-^ 



i{e-"<5i, (1 - e-")^-^} < e"''(e°^(^*) - < max{e-"<^2 (1 - e"")^/^-^}, 
which concludes the proof. □ 

Lemma 3.10. Assume that p{-) £ Yjj satisfies the condition (3.20) for some Ci > C2 > 
in place of Ci > C2 > 0. Then, pu{u) ■= —{'^u{p{')){u)y satisfies 

gp??(n) < pu{u) < gp??(n), 
where '^u : Yu — >■ Xu is the inverse map of see Proposition 4-4 of [9]. 
Proof. By definition pu{u) = (l — p((C/7)~^ (""))) ^ ~ 1 

(Cie-"(^^")"'(") + 1)"^ < 1 - p{{C;)~\u)) < (C2e-°(^^")"'(") + 1)"^ 
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holds by assumption. Then, it is easy to see that 

On the other hand, since (-{v) = /^(l - p{w))dw and c^^k^dw = ^ log(^^), 

[ C[ J [ J 

holds. Thus, we obtain 

which concludes the proof. □ 

Proposition 3.11. Assume that the derivative pu{Q,u) = — ^[;(0, u) of ipu{Q,-) G Xu 
satisfies two conditions (3.18) and (3.19) in Lemma 3.9 with pu{u) replaced by pij{0,u). 
Then, there exist constants Ci > C2 > such that for any t > 0, the solution pu{t,u) of 
the PDE (3.22) helow satisfies 

(3.21) C^p'^{u)<pu{t,u)<C2p'S{u). 

In particular the lower hound in (3.21) implies the condition (3.15). 

Proof. First, note that the function p°°{v; C) is a stationary solution of the PDE (3.1) for 
any C > 0. Then, with Lemma 3.8, the conclusion follows from Lemmas 3.9 and 3.10. □ 

Remark 3.3. Under the equilibrium situation, that is, for p'^{u) = Imit^oo Pu{t-,u)j 
C~^(n) = limt^.ooC~^(*,^^), ueWj^ and p'^{v\l) = Imit^oo p{t,v), C,{v) = \mit-^^C,{t,v), 
G M, we have explicit formulas: 

^-i(?x) = llog(e""-l) and C(^^) = - log(e"^ + 1). 
a a 

Prom this, we see that the norm |*|l2(]k) is equivalent to |^|£,2(]ro), if ^ and ^ are re- 
lated with each other by the relation stated in Proposition 3.5: ^{u) = 'i'(^~^(u))/(l — 
p{C,~^{u))). This explains the reason for considering the norm |^|£2(]go y 

Remark 3.4. Similarly to Lemma 3.8, the attractiveness of the underlying weakly asym- 
metric zero-range process with stochastic reservoir leads to a comparison theorem for 
pu{ti u)- More precisely, the function pu{t, u) = —i/j'u{t, u), defined from a solution ipuit, u) 
of the PDE in the statement (1) of Section 2, solves the nonlinear PDE: 



(3.22) + „e 



If two initial values of (3.22) satisfy < Pij\<d,u) < pP{0,u),u G M+, then the 
corresponding solutions satisfy < p^\t,u) < p^\t,u) for every t> and u G M^. 
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4 Proof of Theorem 2.3 



Let qt := qf = ('7i(i))teN be the Markov process on Q introduced in Section 2 and let 
Vt = {'nt{x))x&'M £ {0, 1}^ be the height differences of the height function tpq^ determined 
from qt. The process rjt is also defined by r]t{x) = i{i;qi{t) = x}, and set 7/^(0) = oo 
for convenience. As shown in Section 5.1 of [9], the process rjt is a weakly asymmetric 
simple exclusion process on N with a weakly asymmetric stochastic reservoir at {0} and 
its generator is given at p. 353 in [9]. Here again, we apply the Hopf-Cole transformation 
for r)t at the microscopic level. 

Section 4.1 essentially reduces the proof of Theorem 2.3 to a fluctuation result for a 

process on the whole lattice Z, which is related to the Hopf-Cole transformed process (^/^ 
and is introduced mainly to avoid the boundary condition at {0} by a simple transforma- 
tion, see Proposition 4.3. The proof of Theorem 2.3 is formulated in Section 4.1 based on 
Proposition 4.3, whose proof is given in Section 4.2. 



4.1 Fluctuations for the Hopf-Cole Transformed Process 

Let r)^ = (ryf^(x))xeN := {VN'^t{x))x&N be the weakly asymmetric simple exclusion process 
speeded up by the factor A'^^ in time with a stochastic reservoir at {0} and consider its 
microscopic Hopf-Cole transformation (l^ = {Ci^{x))xefi defined by 

oo 

(x) :=exp{-(loge)5;r?f (y)}, e = eR{N). 

y=x 

Its interpolation (^{t,u),u G M+ with the proper scaling in space is given by 



(4.1) C'^(t,u):=exp{-(log£)( iv) + hu>i/N}{[Nu] + 1 - Nu)r,^ {[Nu]))]. 

y=[Nu]+l 

It is clear that for each t > 0, (^{t,-) is a C(]R+)-valued process. Theorem 5.2 of [9] 
states that, if the scaled empirical measure ttq of tjq converges to po{v)dv in probability 



u 



as A — > oo with po{v) satisfying pQ G C(M+, [0,1]) and po{v)dv < oo, then ( (t, 
converges to oj{t,u) in probability, which is a unique bounded classical solution of the 
following linear diffusion equation: 

dfco = u" + P to' , ueR+, 

POO 

uj{0,u) = exp{(3 / po{v)dv}, u € M+, 

J u 

^ 2u'{t, 0) + /3uj{t, 0) = 0, and uj{t, oo) = 1, t > 0. 



(4.2) 



Instead of immediately considering the fluctuations of i^^{t,u) around its limit, the goal 
is to avoid the mixed boundary condition above. Therefore the next paragraph reduces 
the problem to another asymptotic problem on Z, formulated in Proposition 4.3 below. 

At first recall from Section 5.3.3 of [9] that = iCt'{x))xm satisfies the stochastic 
differential equation (SDE): 

dCf (x) = A2(eCf (x - 1) - (e + l)Cf (x) + Cf (x + l))dt + dM,^(x), x G N, 
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where Ct (0) '■= £ ^Ct (2) and {M^ {x))xen are martingales with quadratic variations and 
covariations given as follows: 

|(M^(x))i = Cf {aNC+ix - l,r/f ) + b^C-ix - l,r?f )} ,x>2, 

(4-3) |(M^(1))* = Cf (1)^ {«ivl{,^.(i)=o} + ^^1k-(i)=i}} > 
(M^(rr),M^(y))i = 0, 1 < x ^ y. 

Here c+(x,?7) = l{^(^)=i^^(^+i)=o} , c_(a;,r/) = l{^(^)=o,^(^+i)=i} , ajv = iV^(l -e)Ve and 
bN = N^{1 — e)^. Note that limiv-*.oo oat = lim;v->-oo ^iv = and, in Lemma 5.6 of [9], 
c±{x — Ijrjf^) are reversed. 

Instead of dealing with the boundary condition Ct^(O) = e~^(^f^{2) for a; = 0, a simple 
transformation for and its extension to Z makes the analysis easier. 

Lemma 4.1. Let us consider the process = {C,^ {x))xe'L defined by 

Cf(x) = exp{-(log£)x/2}Cf(x) 

forx>l and Cf (x) = Cf (2 - x) for x<0. Then, Cf (x) satisfies the SDE: 

(4.4) dCf (x) = iV2£V2A^f (a;)di + iv2(2£V2 _ + l))C,^(x)di + dM,^(x), 

on the whole lattice space Z, where M/^(x) = e-'^^''^^>/'^Ml^ {x) for x > \, Mf{x) = 
M^{2 -x) forx<0 and AC(x) = ({x - 1) - 2C(x) + ({x + 1) for x G Z. 

The proof of this lemma is straightforward and omitted. The above transformation 

motivates the corresponding one for uj{t,u), the solution of (4.2). In view of the scaling 
in £, it is natural to set Lo{t,u) := e^l"l/^w(t, \u\) and then, parallel to (4.4), to introduce 
its discretized equations with initial values ojq (x) = e~('°S£)l^l/2^(Q^ 

(4.5) duf{x) = N^e^/^Au^{x)dt + N^{2e^/^-{e + l))odf{x)dt, x G Z. 

It is known that the linear interpolation a;^(t, u) of (^^(x))^^^ converges to uj{t,u), see 
p. 214 in [2] or [17]. More precisely, we have that 

(4.6) lim sup sup Vn\u}^ {t,u) - 6j{t,u)\ = 0. 

^^°°te[o,T] uel-K,K] 

Lemma 4.2. The process ^f^(x) defined by 

(4.7) $f (x) := ^/N (Cf (x) - uf{x)) , x G Z, 
satisfies the following SDE: 

(4.8) dif (x) = Nh^/^A^^{x)dt + (2e^/^ - {s + 1)) $f (x)dt + ViVdM^ (x), 



which can be represented in its mild form: 
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Here {t,x,y) = p{N'^e^^^t,x — y) andp{t,x) is the (fundamental) solution of 

(4.10) dtp{t,x) = Ap{t,x), X € Z, with p{0,x) = 6o{x), 
and CN ■= iV2(2£V2 _ + i)) = -N^^e^^ - if behaves like cn ~ 

The SDE (4.8) is an immediate consequence from (4.4) and (4.5). It is also easy to 
obtain (4.9). In fact, it is enough to apply integration by parts to the process {p^(t — 
s,x,y)e'^^^^~^^^t{y)}se[0,t] for sach t > and then integrate both sides from to t. 

Now let us consider the linear interpolation of $^(x). More precisely, we deal with 
the following process with values in D{[0,T],C{R)): 

(4.11) ^^{t,u) := {[Nu] + 1 - Nu)^^{[Nu]) + {Nu - [Nu])^^{[Nu\ + 1). 
The next subsection is devoted to prove the following proposition. 

Proposition 4.3. Suppose Assumption 2 is satisfied. Then, as N ^ oo, the transformed 
process ^^{t,u) converges weakly to ^{t,u) on the space D{[0,T],C{M.)). Moreover, the 
limit $(t, u) is in C([0, T], C(M)) (a. s.) and it is a solution of the following SPDE: 



(4.12) 



dMt,u) = ^"{t,u)-^Ht,u) 

+ e^M/2^^(i^ \u\)^/2pR{t, \u\){l - pR{t, \u\))W{t, u), ue 
$(0,tx) =l>o(u), 



where W is a Q-cylindrical Brownian motion on L2(R) with the following covariance: for 
any test functions (p and on M, 

(4.13) E[W{t, (t>)W{t, i^)]=sAt {(f), QiP) 

with Qil^{u) = ip{u) + ijj{—u), and {•,■) denotes the inner product o/L2(M). Furthermore, if 
$0 € l~lr>/3/2-^r(^) then there exists a unique weak solution $(t, •) in C([0, T], H^^^L^ 



Remark 4.1. The Q-cylindrical Brownian motion W can be easily constructed based on 
a Brownian sheet on [0, cxd) x M+. 



The weak and mild solutions of (4.12) are defined in similar ways to (2.6): ^{t,u) is 
said to be a weak solution of the SPDE (4.12) with initial value $o £ ^r>i3/2^r0^) if ^ G 

>/3/2-^r( 

ft 



C{[0, T],C{R)) n C{[0, T], n^>^/2i.2(M)) (a. s.) and for every function / G Cq'^{[0, T] x 



(4.14) 



($(i),/(i)) = ($o,/(0))+ / ms),f"{s)-^f{s) + dsf)ds 

Jo 



+ f f /(s,u)e^l«l/2/3a;(s, \u\W2pr{s, |u|)(l - pr{s, \u\))W{dsdu) a.s. 
Jo JR 

In particular, from its mild form 



/■ 1 J /3% (u-v)^ \_ 

$(t,n)= / el 4t f^Q{v)dv 
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/ ^=e\--^'-'^-^^h— I3u{s, \v\)^2pr{s, \v\){l - pr{s, \v\))W {dsdv) , 



+ 



we can easily show the existence and uniqueness in C([0, T], C(R))nC([0, T], nr>/3/2-C'r ( 

From Proposition 4.3, we can obtain a result for fluctuation of C^{t,u) around its 
limit u!{t,u), which is used to show Theorem 2.3 in the last part of this subsection. 

Corollary 4.4. Under Assumption 2, ^^{t,u) := {t,u)—uj{t,u)) converges weakly 

to ^{t,u) on the space D([0, T], C(]R+)) as N ^ oo. Moreover the limit ^{t,u) is in 
C([0, T], C(M+)) (a.s.) and characterized as a solution of the SPDE: 

' dt^{t,u) = ^"{t,u)+ I3^'{t,u) 



(4.15) 



+ I3uj{t, u)y/2pR{t, u){l - pR{t, u))W{t, u), ueR+, 
2$'(t,0) + /3«>(t,0) = 0, 
$(0,u) = $o(n), 

which has a unique weak solution in C([0, T], Lg(M_|_)) for each $o € Lg(M_|_). 

Proof. Assume Proposition 4.3 is proved. Consider the even functions e'^l"l/2$^(i, |n|) on 
D{[0,T], C(M)). We first show that for each K>0 



(4.16) lim ^[ sup sup \e^\''\/^^^{t,\u\)-^^{t,u)f''' 



N->-oo 



= 0. 



te[o,T]ue[-K,K] 
The monotonicity of Ct^{x) in x G N yields 

V^|([Aru]+l-iVtx)Cf ([iV«])+(Arn-[iVtx])Cf ([A^u]+l))-e^l"l/2C^(t, |«|)| < CiV-lcf (!)■ 

Now Lemma 4.7 below with (4.6) completes the proof of (4.16). Therefore, as iV ^ oo, 
e/3|«l/2$A'(t, |it|) converges weakly on D([0, T], C(M)) to the same limit ^t,u) as that of 
$^(t,n) and it immediately follows that <5^(t,u) converges weakly on Z?([0, T], C(M+)) 
to <^{t,u){= e-'^"/2|>(t,ti)), u€R+ and the limit ^{t,u) is in C([0, T], C(M+)) (a.s.). 

To see that ^>(t,n) is a solution of the SPDE (4.15), for a given g £ Cq'^([0,T] x M+) 
satisfying 2g' {t,0) - /3 g{t,0) = 0, set f{t,u) = e-^l"l/2y(t, |tx|). Then / G Co'^([0,T] xM). 
Taking such / in (4.14), a simple computation yields 

im^m ={^o,gm+ fms),g"{s)-pg'{s)+dsg{s))ds 

Jo 

+ P / g{s,u)uj{s,u)y/2pR{s,u){l - pR{s,u))W{dsdu) a.s., 
Jo Jk.+ 

which completes the proof. □ 

Remark 4.2. A microscopic interpretation of the mixed boundary condition at u = in 
(4.15) is found in Lemma 5.8 of [9]. 

Prom now on, we formulate the proof of Theorem 2.3 based on Proposition 4.3, or 
more precisely Corollary 4.4, which is divided into two lemmas. First note that Assumption 
2 can be rewritten into conditions on . This is mostly used later on but we state it 
here since the assertion (3) is needed. 



22 



Lemma 4.5. Under Assumption 2, the following holds: 
(1) For any k eN, the following estimates hold: 
(i) supjv£;[Co''(l)'1<oo, 



(ii) E 



I 2k 



< CeN^xe Z, 



{\^-^f^" + \^f^),forx,yeZ 



(iii) £; - ^^{y)r\ < C(eT + e- 

and some k' > k and any a G (0, 1/2). 

(2) {^o'^ (3;)}Ar are independent of the noises determining the process {r]^;t > 0}, 

(3) $^(0,«) converges weakly to ^o{u) = e'^l"l/2/3u;(0, |M|)*fl,o(|'u|) in C(M) as iV ^ oo. 
/n addition, for all r > ^, -^[|^o|^2(]g)] < oo- 

Proof. Conditions (l)-(3) in Assumption 2 are referred to as (A2-l)-(A2-3), respectively. 

(2) is obviously implied by (A2-2). The next step is the condition (1). The properties of 
the transformation from q & Q to rj & Xr, see Lemma 5.1 of [9], yield for any a; G N 

Co^(x) = e-('°g^)l-l/2exp{-(log£)iVVi:^(0, 1^1)}. 

Therefore, (i) follows directly from (A2-l)(i). 

By the definition of (x) it is enough to prove (ii) for x G N. Since lo{0,u) = 
ex.p{P'i/:Rfi{u)},u > 0, we deduce that 

(4.17) ^^{x) = ViVe-(^°s^)-/2 [exp{-(loge)iV^;^(0, §)} - exp{/3V^K,o(|.) } 

The mean value theorem implies the existence of a random variable 0^{x) with values 
between l3tl)R^o[jf) and — (log£)iV'0^(O, j^) such that 

l>^(x) = e-(i°g^W2+^"W[/3*^(0,^) -^/iV(/3 + (log£)iV)v;^(0,^)]. 

Note that \/iV(/3 + (log£)A'^) — > with order 0{^^=-) and combine the monotonicity of 
■0^(0, u) and ipRfi{u) with (A2-l)(i) leads to the estimate 

(4.18) sup ^[e^'^^'^(^)] < C and e\\\/N {l3 + {log e)N)'4)^{fd, %)\ 



4k 



x,N 



<c\ 



logiV 



N 



After applying Schwarz's inequality together with (A2-l)(ii), we arrive at 

^[|^^(x)|'"] < Ce-2«('°g^)- < Ce^. 
As explained above, we assume x, y G N in the proof of (iii). It follows from (4.17) that 

$^(x) - $^(y) =Ai + ViVe-(i°g^)-/2 (exp{/3^^(0, f )} - exp{/3VR,o(f )}) 
- ViVe-(i°g^)^/2 (exp{/?V;:^(0, f )} - exp{/3VR,o(f )}) , 



(4.19) 
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where the term Ai := A^{x,y) is estimated as above by 

< c(^e^ + eT^) for every a < 1/2. 

Rewriting the two other summands on the right hand side of (4.19) yields 

1^0^ (^) - ^^{y)t < C\Ai\'^ + (e"^ + e"^) + ^3|'^ 

with 

A2 = m eM^M§)}{^MK^Rio, f ) - ^rM§))} - exp{^(v;^(o, f ) - Vr,o(^))}) 

^3 = (exp{/3V/?,o(f )} - exp{/3V'H,o(f )}) {eMl^ii'RiO, f ) - Vr,o(#))} - l)- 
However, with a similar approach to (4.18) one can derive 

^[|^2|'l<C|29^r and E[\A3f^]<C\^f\ 

This concludes the proof of (iii) . 

The final task is assertion (3). The proof of Corollary 4.4 suggests that it is enough 
to prove (3) for e'^l"l$-^(0, 1^1) instead of ^^{t,u). It is easy to see that 



$^(0,u) = Vn exp{^^^(0,«)} - exp{/3V'R,o(«)} 

(4.20) 



exp{-(iVlog£)V':^(0,l^) - (log£)r^(0,n)} -exp{/3V;:^(0,«)} 



with r^(0,u) = l{„>i/iv}([A^ii] + 1 - Nu)ri(^ {[Nu]) G [0, 1]. By Taylor's theorem, the first 
term on the right hand side of (4.20) is equal to 

(4.21) ^exp{;3Vii,o(^)}*^(0,n) + 1/3^ exp{/30^(u)}iV-V2(*^(O,u))', 

where 6^{u) is a random variable with values between ijj^{0, u) and ipRfl{u). From (A2-3), 
it follows that the first part converges weakly to Puj{0,u)'^r^o{u) in D(R+). In a similar 
way to the proof of (l)(ii), we see that 

E[\eMPe''{u)}N-'f\^^(0,u)fn < CN-^f'E[{^^{0,u))y/', 

which, combined with the right continuity of ^'^(0, u), implies that the second term of 
(4.21) converges to in probability in D(M+). In addition, it is easy to check that the 
second term in (4.20) also converges to in probability in L'(M_|_). Because e'^l"l/^$'^(0, \u\) 
is even, we see that e'^l"l/^$^(0, \u\) converges weakly to e^l"l/2^a;(0, |n|)^R,o(kl) on D{R). 
On the other hand, since the Skorohod topology relativized to C(M_)_) coincides with its 
locally uniform topology, the continuity of $^(0,-^) in u completes the proof. □ 

Lemma 4.6. Assume Proposition 4-3 is shown. Then as N ^ oo, "^^{t,u) converges 
weakly on the space D([0, T], D(M+)) to 

^ , , ^{t,u) 



Moreover, the limit *i?(t,n) is in C([0, T], C(M+)) (a. s.) and satisfies the SPDE (2.6). 
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Proof. Prom Lemma 4.5-(3) the relation "^Rfilu) = ^o{u)/{/3uj{0,u)) is known. Due to 
Skorohod's representation theorem we may assume that ^^{t,u) converges to ^{t,u) 
uniformly on [0, T] x [0, K] for every K > (a. s.) on a properly changed probability 
space. The definitions of (^^{t,u) and tp^ltju) correspond to 

logC^(t,u) = -{Nloge)i,^{t^-^) - {\oge)r''{t,u), 

where r^it,u) = l^^^^yi[Nu] + 1 - Nu)7]^{[Nu]) G [0, 1]. Since £ = 1 - ^ + OC^), 
we have that 

i'R ^) = ^1 + log C^(t, u) + o(^) , 

with an error 0{^) which is uniform in {t,u). On the other hand, we know 

and m(t^uUj{t,u) > 1, see p. 354 in [9]. Thus, we estimate the difference between ^^{t,u) 
and ^^{t, [Nu]/N) and due to the uniform convergence of ^^{t, •) to •), arrive at 



i(l + 0(1^)) log(.(,.) + ^) - llogclt, 



which concludes the proof of the first part. 

To complete the proof, it is enough to check the weak form (2.7) of the SPDE (2.6) 
for / G Co'^([0, T] X M+) satisfying f'{t, 0) = 0. For such /, set g{t, u) = f{t, u)/{j3u{t, u)). 
Then, we easily see that g satisfies the condition: 2g'{t, 0) — /3 g{t, 0) = and, if we consider 
a weak solution of (4.15) for such g, a simple computation leads to (2.7) for /. □ 

4.2 Proof of Proposition 4.3 

Subsection 4.2.1 concerns an important uniform estimate on (^^ . We then formulate some 
lemmas for the proof of the tightness of {^'^ {t,u)}N in Subsection 4.2.2 and finally give 
the proof of Proposition 4.3 in Subsection 4.2.3. To show the tightness of {^^{t, u)}n on 
the space D{[0,T], C(M)), we mainly mimic the approaches used in [1] and [5]. 

4.2.1 A Uniform Estimate 

The following lemma is crucial and will be frequently used in the sequel. 

Lemma 4.7. Let k eN as above. Under Assumption 2-(l)(i), for any T > 0, we have 

-N \2k 



sup E 



sup C(l)^ 
■se[o,T] 



< GO. 



Proof. One can modify the proof of Proposition 5.4 in [9]. Let if G C^(M-i-) such that 
if' > 0, ip{u) = for « G (0, 1] and Lp{u) = 1 for « > 2, and for each k set 



nf (^) := exp{-/.(log£) 5^7?^ (x)^(f )}. 
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Since sup7vgN,sg[o,T] i^)'^ /^s' i'P) < is enough to show that 



jN 



sup E 

iVsN 



sup nf 

se[o,T] 



< oo. 



(4.22) 

Consider the martingale {(f) given by 

(4.23) (^) = nf (^) - <(^) - /* Z^nf (<p)d., 

JO 

where L-^ = Ar^Z£(Ar),ii- Here Ze^^ is the generator described at p. 353 of [9], so that 
Z^nf (^) =Ar2nf (v.) ^(ec+(x,ryf ) + c_(x,ryf )) 

X exp{-«(log£)(^(^) -<^(|.))(r?f (x)-r?f (x + 1))} 



- 1 



By simple calculations the quadratic variation of ((^) is given by the following relation: 
^(M^(^)), = AT^nf (^)2 5](ec+(x,r;f ) +c_(x,r;f )) 

X exp{-2K(log£)(^(^) -^(|.))(r?f(a;)-r?f(x + l))} 



2exp{-Ac(loge)((^(^) 



(x)-r?f(x + l))} + l 



We first claim that there exists Ci = Ci(k, ||(^'||oo) ||¥'"||oo) > such that 

(4.24) Z^nf (^) < Cinf (<^). 

In fact, note that c_ (x, 77) — c+(x, ry) = 77(0; + 1) — r/(x) and after rearranging the sum, we 
can rewrite Z^II^ {(p) as follows: 



s 



L^nf(^) = iv^nf(<^) 
x[i;^i'(^)H{-'^(iog^)(^('w^)-^(F))}-exp{-^;(iog£)((^(f)-9^(%i))}) 

+ 5]c_(x,r/f)(exp{-«(log£)(</.(^)-<^(^))}+exp{-K(log£)(y.(^)-<^(^))}) 
-2j2c-i^,r,^) - - ^)c+(x,7?f )(exp{-«(log£)(<^(^) - v{§))} - l)' 



Thus, by Taylor's formula and Lemma 3.2 of [9], we can show (4.24). As a consequence 
of (4.23), (4.24) and Gronwall's inequality, we have that 



nf(^)<e^^*(<(^)+ sup |Mf(^)|), t<T, 



which implies 
(4.25) E 



sup nf(^)2l <2e^^''(E\u^{ipf 



+ E 



sup M^{<ff]), t<T. 
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A similar approach to (4.24) yields that there exists C2 = C2(«:, ||(^'||oo) > such that 



and therefore Doob's inequality implies 
E 



sup M^iipf 

se[o,t] 



< — -E 
- N 



Jo 



ds 



, t<T. 



In the end, Gronwall's inequality, (4.25) and Lemma 4.5 conclude the proof of (4.22). □ 



4.2.2 Tightness of $^(t, u) 

A criterion for the tightness of on the space D([0,T],C(M)) is given by the theorem due 
to Aldous and Kurtz (see [6], [14, Theorem 2.7] or [1, Proposition 4.9]). It states that it 
is sufficient to show the following estimates: 

(1) For every t,K > 0, there exist k>1,C and a > such that 



supE[\^^{t,0)\^] < 00, 

N 

sup E[\^^{t,ui) - ^^{t,U2)r] < C\U1-U2 

N 



1+a 



\U2\ < K. 



(2) There exists a process A^{6),6 >0 such that 

E[di^''{t + 5,-),^''it,-))\J't]<E[A''{6)\j^t], te[0,T], 
limlim sup E\A^( 6)] =0. 

Here J^t = 0"{$^(s, < s < t} and d(-, •) denotes a metric on C(M) which determines 
the topology of the uniform convergence on each compact subset of R. 

Before we go to our main topic of this subsection, let us state Burkholder's inequality 
according to Theorem 7.11 of [19]. 

Lemma 4.8. For any L'^'^ -integrable real valued martingale Mf and fixed t > 0, there 
exists a constant C = C{K,t) > such that 



E 



sup \Ms 
■se[o,t] 



2k 



< CE[{M)^] +CE 



sup \Ms - Ms. 
'-se[o,t] 



I 2k 



where {M)t denotes the quadratic variational process of Mf. 



As further preparations, we formulate some estimates for ($^ {x))x^z defined by (4.7). 
Let us first summarize some properties oip{t, x) given by (4.10), see [1, 10] for their proofs. 

Lemma 4.9. There exists a constant C > such that the following holds: 
(i) For any t>Q, sup^^ipit, x) < Ct~2^ 

(u) For any a < 1/2, \p{t,x) - p{t,y)\ < C\x - y\'^°'t-^-", x,yeZ, 



\p{t + h,x)-p(t,x)\<Ch'"^t-^-'"^, xeZ, h>0. 
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Lemma 4.10. Under Assumption 2, there exist C and k > such that 

<Ce^(l + it + (ViV(£-i-l))''^), te[0,T]. 

Proof. We denote the first and second terms in the right hand side of (4.9) by /(^'^^ (t, x) 
and I^^'^\t,x), respectively. Then, Lemma 4.5 (l)(ii), Holder's inequality and the prop- 
erty Y,y^zP^{t,x,y) = 1 result in 

E[\I^^^^\t,x)r] < Y.p''{t,x,y)e'^'^-'E[\^^{y)\'^] < Y^p^ {t,x,y)e'^'^-'Ce'^ . 

On the other hand, since for each a G M, the function e"^ is the eigenfunction of the 
operator A corresponding to the eigenvalue + — 2 

(4.26) ^P^{t^ X, y)e"'y = e"^^ exp{ (e" + e""^ - 2)N^e^lH^ 



K,' P\y\ k' j3y k' Py 

holds. Note that e n < ^ n -\- e n and it follows that 
(4.27) E[\I^^^^\t,x)\^''] < Ce"^, t G [0,r], 

by the behavior of cjv and the convergence of^e'v+e n — 2)N as AT — )• oo. 

In the following, we are going to estimate E[\I^^''^\t,x)\'^'^] by using Burkholder's 
inequality stated in Lemma 4.8. However, as a stochastic process, it is well-known that 
is not a martingale. Instead of the direct disposal of I^^''^\t,x), we will fix 
t>0 and consider the process 

4^'^\r,x) = f yZp^ii - s,x,y)e^^(*-*WdMf (y), r<t, 

which is a real valued martingale in r for each x G Z with quadratic variation 

(/p)(-,x)),= r Yip'^it- s,x,y)e'^'^('-^^fNd{M''iy))s, r<t. 



Since C,f [x) < Ct^(l) for any x >2, and are both bounded in N, (4.3) yields that 

(4.28) d{M''{y))s < Ce-^'^^'^^y^Cilfds, 
which implies 

(if •')(•, x)) < C rV(p^(t-s,x,y)e^^(*-^))'iVe-(i°s-)lflCf (1)2(^5. 
Thus, by the above estimate and Lemma 4.7, we have 

(4.29) E[{4^'^\-,x))'^] < C( r sup\p^ {t- s,x,y)N\e-^^''^'^^''^dsy < Ce-'^(l°s^)l^l^'^/^ 
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where Np^ {t,x,y) < Ct has been used, see Lemma 4.9 (i). 

Finally, let us consider the jump size of /^^'^■'(r, x). By the definition, the jump size 
is determined by M^{y), which inherits from Ci^(x). More precisely, we have that 

sup |/p)(r,x)-/p)(r-,x)| <C sup ^^p"" {t - r,x,y)VN\Mf (y) - M,'L{y)\ 
re[o,t] remy^^ 

(4.30) =C sup ^l^^(t-r,x,y)V]V|C^(y)-C'l(2/)|. 

re[o,t]. 



Since r)^{y) does not jump at same time for different y, we see that 

(4.31) ICj'iy) - C,^_{y)\ < Ce-(^°g^)l^l/2|Cf (1) - (."^.(l)! < Ce-^^ose)\y\/2^^-i _ ^^^N 

Consequently, Lemma 4.7 and (4.26) imply again that 



E 



sup \ir'\r,x)-ir'\r-,x)\'^ < Ce-«('°g^)N (ViV(£-i - l))'^ 
re[o,t] 

rW2) 



Note that /j ' {r,x) converges to I^^''^\t,x) in L^(Q) as r t i and we can conclude the 
proof by Lemma 4.8, (4.27) and (4.29). 



□ 



Lemma 4.11. Under Assumption 2, the following estimates hold: 

(1) For each a < 1/2, there exist C and «; > such that for any t <T and x,y E 7i, 



(4.32) 



£;[|$f(x)-#f(y)p-] <c( 



kI3\x\ K^lvl 

e N + e N 

1 2Ka 



(2) For each a < 1/4, there exist C and k > such that for any ti,t2 <T and x G 

(4.33) E[\^f^{x) - $t^(x)p'^] < Ce^{\t,-t2\^''" + {Vn{s-' - 1))'"). 

Proof. The main idea to prove this lemma is similar to that for Lemma 4.10. We will only 
give some necessary explanations by using same notations. We begin with the proof of 
(4.32). The representation of I^^'^\t,x), change of variables and Lemma 4.5 yield that 



(4.34) £;[(7(^'i)(t,x)-j(^'i)(i,y))2«] <c(eT + e^ 



N X 



X - yp""" + ~ ^'^^ 



For owing to Lemma 4.8, it is sufficient to deal with {I^"''^'^-, x) — I^"''^'^-, y))r and 



{N,2), . AN,2) 



the jump of l[^''^\r, x) — /^"'^''(r, y) respectively. 
By Lemma 4.9 (ii), N\p^{s, x, z) - p'^{s, y,z)\< CAT-^^g-^/^-^lx - yp", a < 1/2. 
Now let us take r = t and we deduce that 



iN,2), 



(4.35) E[{ll 



ft 



< CE 



sup |Cf(l)|H(/ V(p^(s,x,z)-p^(s,y,z))V^~^iVe-('°s^)l^lds)'' 
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-2Ka 



where Lemma 4.7 has been apphed for the second inequahty, and a < 1/2 as well as (4.26) 
have been used for the last inequahty. Using a similar approach to (4.30) and recalling 
(4.26) and (4.31), we have 



E 



sup 

rG[0,t] 



{ir\r,x)-ir'''>{r,y)) - {ir''"' {r-,x) - I^'^ ir-,y)) 



2k- 



< C( sup ViVV |p^(t-r,x,z) -p^(i-r,j/,z)|e"^(*-'^)e-('°s^)l^l/2(e-i - 1)) 
\e[Q,t] - ^ 



2k 



< C{^/N{£-^ - i))^'^(e-«0°g^)l^l + e 



-K(log£)|j/| 



which yields (4.32) together with (4.34) and (4.35). 

Now we show the second estimate (4.33) but only for /(^'^) {t2, x) — /(^'^) {t\,x), since 
that for I^^'^\t2,x) — I^^'^\ti,x) is easier. By a similar approach as above, for any 
<ti <t2 <T, we can easily obtain 



E 



*2 , 



tl 



^P^{t2 - s,x,y)e''^^*^-'^\/NdM^ {y) 



2k- 



< Ce-'^('°s^)l^l ( r sup^;^(f2 - s,a;,y)iVe2^^(*^-^)e(^+^"'-2)^'^'^'(*^-^)ds)'' 
^Jti y ' 



+ CE 



sup 



^P^{t2 - r,x,y)e'"^'^^^-'^^/NdM^{y)\^ 
< Ce-'^('°g=)l^l|ti -t2|^ +Ce-'^('°e^)l^l(ViV(£-^ - 1))^''. 



2k- 



Hereafter, for simplicity, to deal with the jump part, we write it in its integral form and 
consider the process directly. In fact, the following calculations are just formal, see Lemma 
4.10 for concrete explanations. 

By Lemma 4.8 and (4.28) and imitating the procedure used in the proof of (4.32), 
we can deduce that 

^ Jo 

P 



^(p^(ii - s,x,y)e^-(*^-^) -p^(i2 - s,x,2/)e^-(*^-^))ViVMf (y) 
<C[I ' Y,iP^(^^ - s,x,y)e^^^''-'^ -P^{t2 - s,x,y)e^^(*2-^))^Are-(^°s^)l^lds)'' 



+ce\ sup I r v(p^ 



{h - s,x,y)e^^(*i-^) -P^{t2 - s,a;,?/)e"^(*2-^))ViVMf (y) 



2k- 



holds, where the second term on the right hand side denotes the corresponding jump part. 
With the behavior of cat, the property 

iV|p^(ti - s, x, y) - p^(t2 - s, X, y)| < C{t2 - hf"{t^ - s)-^'^-^^, 
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and (4.26), we obtain that the first term on the right hand side is bounded from above by 

where the restriction of a < 1/4 has been used. 

Relation (4.31) is used to bound the second term from above by 



All the above estimates applied yield the upper bound 

Now we can easily conclude the proof of (4.33) by choosing a proper h. □ 

To show the tightness of ^^{t,u) and that its limit is in C([0, T], C(R)), we prepare 
two lemmas. We first establish the local Holder estimates in the space variable. 

Lemma 4.12. For any T > and each a < 1/2, there exists a constant C > such that 
for any ui,U2 G [—K, K] and t <T 

(4.36) E[||.^(t,ni) -^^(t,K2)|'1 < -n2|2''^ 

and moreover for a' G [0, ^^^^) 

'$^(t,Ul)-$^(i,'U2)lN2«l 



(4.37) sup E \ sup ■ 



< 00. 



Proof. Let us first assume that [Nui] = [Nu2]- Then by (4.32) we deduce that 

E[\^^{t,ui) - ^^it,U2)\^^] <CN^^\ui ~ U2\^''E[\^^{[Nui] + 1) - ([iV^/i])^'^] 

<C'\ui-U2\^^°'. 

Next we assume, without loss of generality, that Nui < [Nui] + 1 < [NU2] < Nu2- From 
the above estimate and again (4.32), we obtain 

E[\^^{t,u,) - l>^(i,«2)P1 <C((I^ - mf^'' + (^2 - I^)^«") 

+CE[\^''{t^-^^)-^''{t^-^)\'^] < C'\u,-U2 
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which implies (4.36). On the other hand, the second assertion (4.37) is a direct consequence 
of (4.36) and Kolmogorov's theorem, for example, see Proposition 4.4 of [1]. □ 

In fact, it is clear that l>^(t, n) is not continuous in t, so Kolmogorov's continuity 
theorem cannot be applied directly. To overcome this difficulty, we introduce the process 
^^{t,u), namely consider the linear interpolation in time t defined as 

*^(t,u) := {[Nh] + 1 - NH)^^{ig^,u) - {Nh - [NH])^^{1^,u). 
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Lemma 4.13. Let a < 1/4. For any ti,t2 < T and Ui,U2 G [—K,K], there exists a 
constant C > such that 

(4.38) £;[|*^(ti,ni)-*^(t2,«2)|'1 < c((|t2-ii|'""+|u2-nip«") + (ViV(£-i-l))"') 
and moreover for a' G [0, ^^^^) 

■*^(ti,^ii)-*^(t2,n2)\2-i 



E 



sup sup , , 



< oo. 



Proof. Note that 

£;[|*^(ii,«i)-*^(ti,n2)P'^] 



< C{[N\] + 1 - Nh^f-E \^^{l^,n,) - $^(i^,n2 



Ar/[iV2ii] 



+ C(iV2ii - [iv2t2])'''£[|$^(i^^,«i) - |.^(i-^,n2j 
and use Lemma 4.12 to obtain 

(4.39) E[|*^(ti,t.i)-^^(ti,n2)P'^] <CK-^X2|''^". 

Let us now deal with the term E[\^^ {ti,U2) — {t2,U2)\'^'^]- We mainly use a similar 
method to the proof of Lemma 4.12 and first assume that [NHi] = [NH2]. Then by (4.33) 
and a < 1/4, we have that 

S[|*^(il,tX2)-*^(t2,t^2)|'1 



■:,N(\NHi] + 1 



I 2k 



I 2k 



(4.40) 



< C{N^{t2-ti)f'"E 1$ 

< C'{N^{t2-ti)f^ \n- 



^(I^,n2)-^^(l^,n2)r'^; 
4^^^ + (V]V(e-i - 1))^"1 < C"\t2 - til^""". 



For general ti and t2, without loss of generality, we may assume that N^ti < [N'^ti] + 1 < 
[N'^]t2 < NH2. Use (4.33) and (4.40), to derive the estimate 

£;[|*^(ti,n2)-*^(t2,«2)|"^] 

|*^(ti,..2)-*^(^^,«2)|'1+C£;[|*^(l^,«2)-*^(i^ 



< CE 
+ CE 



*^(i^,n2) 



^,^2) I"' <C'\t,-t2 
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Now we obtain (4.38) by (4.39) and the above estimate. The last part of this lemma is 
trivial by Kolmogorov's theorem. □ 

Proposition 4.14. The process ^^{t,u) in Proposition 4-3 is tight in D{[0,T],C{R)). 

Proof. Recall that $^(t, 0) = $^^(0) and the Lemmas 4.10 and 4.12 let us easily observe 
that for each t <T, ^^{t, •) satisfies the estimates in (1) of Aldous-Kurtz's conditions. 

In the second step we have to show that condition (2) is also satisfied by ^^{t,u). 
To formulate our proof, we will consider the following metric on C(M): 

d{wi,W2) ■■= '^2~"'(l A sup \wi{u) — W2{u)\j , Wl, W2 E C{M). 

„eN «e[-n,n] 
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It is clear that C(M) equipped with the metric d{-,-) is complete and separable. For each 
6 > define 

A^{6):= sup d{^^{t + 6,-),^''{t,-)). 

te[o,T] 

It is clear that E[d{^^{t + 5, •), ■))\J't] < E[A^{6)\7't] ■ Thus it is enough to show 

(4.41) 

in order to complete the proof. For any 5' > 0, we have that 
E 



limlimsup£;[^^((5)] =0 

54,0 TV^oo 



sup {lA sup \^^{t + S,u)-^^{t,u)\} 

■te[o,r] ue[-K,K] 

< P{B^ {6')) + e\ sup sup \^^{t + 6,u)-^^{t + 6,u)\,B^{6'y 



+ E 
+ E 



sup sup \^^{t,u)-^^{t,u)\,B^{5'f 
te[Q,T]ue[-K,K] 

sup sup \^^{t + 5,u)-^^{t,u)lB^{5'y 

te[0,T]u&{-K,K] 



where B^{S') is defined in Lemma 4.15 below. Then, by Lemma 4.13, we see that 

sfsupjlA sup \^^{t + 6,u)-^^{t,u)\}] <P{B^{6)) + 6 + CVN{e-^ -1) 

with S = 2S' + CS°'. This implies (4.41) because S' and K are arbitrary and P{B^{5)) 
by Lemma 4.15 (see below). □ 

As a last step let us formulate the lemma, needed in the proof of Proposition 4.14 
above. This lemma tells us that the processes $^(t, it) and ^^{t,u) are uniformly close. 

Lemma 4.15. For any 5' > and K gN, consider the following event: 



B 



{S') := I sup sup \^^{t,u) - ^^{t,u)\ > S'}. 



Then we have that lim;v-*-oo P{B^{6')) = 0. 
Proof. Set 

I = {{k,x):k = Q,l,2,--- ,[N'^T], xel. sA. min \Nu-x\<l]. 

u&[—K,K] 

It is easy to see that the number of the elements in / is bounded from above by CN^, 
that is, #/ < CN^. Based on this observation, let us first show that for any {k,x) G / 



(4.42) 



E 



sup sup |$^(t,u) - *^(t,u)|2« <C7Ar-4«", a<l/4, 

■NH£lk,k+l]Nuelx,x+l] ^ 
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where C is a generic constant and is independent of N, k and x. Prom the definitions of 
^^{t,u) and ^^{t,u), we easily see that 

+ - + |^^(^,x + 1) - + 1)|. 

By the definition of ^^{t,u) and (4.33), for some a < 1/4, we observe that 



(4.43) e[\^^{^,x) - $^(^,x) + |^^(^,x + 1) - $^(^,x + 1) 
In the following, to conclude the proof of (4.42), we first show that 

I 2k" 



I 2k 



< 



c 



(4.44) 



E 



sup |^^(^,x + l) -$^(t,x + l)p 
■te-fiv(A;) 



where /Ar(fc) - l7v2, ^ 
is bounded from above by 



k_ Mil. By the definition of $f (x), it follows that the left side of (4.44) 



Ce\ sup f\/iV(C^ {x + l)-C,^{x+l))] 1+C sup i^ioj^u {x + l)-u^{x + l))) 



2k 



It is known that 



sup \Cd^t {x + l)-6jf{x + l)\<N-^. 

teiN{k) ^ 



Hence, to show (4.44), it is enough to prove that there exists a constant C such that 



(4.45) 



E 



sup {C% (a; + l)-Cf(x + l)) 
teiNik) ^ 



2k 



To show this, we will use the martingale approach. For each x G N, we have that 



Cr(x) = Co (^)+ / L''Cix)ds + Mf{x), 

JO 



where 



L^Cix) =N^{ec+{x - l,?7f ) + c_(x - ))Cf (x)(e-i°g^(''»''(^-i)-^«^(^)) - l),x > 2, 
L\f (1) =iV^(el{,.(i)=o} + lw(i)=i})Cf (l)(e-'°^^(^-^''^"W) _ i). 

From the expression of L^C^{x), it is easy to deduce that there exists a constant C such 
that for any X G N L^(^{x) < CiV^f (x) and thus, it follows that 



E 



sup 
teiNik) 



/: 



* L%^(x + l)ds"'' 

k 



< CN-'^'^E 



N i-,\2k 



sup Cf(l) 

te/jv(fe) 



Since and 6jv converge to as N ^ oo, (4.3) yields that for any x G N 



d{M^{x))s < CCsixfds 
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and then, by Lemma 4.8 and (4.31), 



sup \M'l (x + 1) - Mf {x + 1 

4e/jv(A:) ^ 



E 
+ CE 



< CE 



sup I (x + 1) - M^^ {x + 1) 

4e/iv(fc) ^ 

sup ((M^(x + l)),-(M^(x + l))^)1 <-^(e[ sup Cf(lH+l) 



Therefore, by Lemma 4.7, we can show (4.45). A similar argument yields 

\2k 



(4.46) 



E 



sup -$^(i,x)|^ 



So, by (4.43)-(4.46), we can complete the proof of (4.42). 

Finally, the proof can be concluded by (4.42) and Chebyshev's inequality. In fact. 



P{B^{5'))<{5')-'^''E sup sup |$(t,u)-*(t,«)p'^ 

H&{Q,T]u&{-K,K] 

< {S'Y'^'^E 

{k,x)&I 



sup sup 1$ {t, u) — * {t, u] 

'NH&[k,k+l\Nu&\x,x+l] 



I 2k 



< CN' 
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which implies the result by taking k > ^ and then letting A/" — >■ oo. 



□ 



4.2.3 Derivation of the SPDE (4.12) 



Taking a test function g G Co(M) and by (4.8) and the definition of $ (t, u), we arrive at 
(4.47) (l>^(i, ■),g) = 1 ^ $^(x)5(|.) + f b''{^^,g)ds + ^/NM^^ig) + <, 



where {^^{t,-),g) = J^^{t,u)g{u)du, 



NM^{g) =^J2Mi'iMTr)^ 

and is an error term, i.e. iif = (l>^(i, ■),g) - i E.ez )• 

We first deal with the error term . It is easy to show that R^ is bounded from 
above by 



|($f ([AT^]) - $f ([AT^] + lMu)\du + N-%'\\^ I |$f ([Arn])|dn. 

supp(g) 



Thus, wc easily see that R^ converges to in L''^'^{^1). In fact, by Lemma 4.11, we have 



E 



(#f ([ATu]) - $f ([ATu] + l))g{u)\du) < CAr-2-(||5||^|supp(5)|)'", 



2k- 
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which goes to as AT ^ oo, and for the second term, we can apply Lemma 4.10. 
Use (4.3) for the martingale term ■\/NM^{g) and observe that 

|(ViVM^(5))* = ^Cf (l)2e-(^°^^)(a^rl{,^.(i)=o} +^'ivlK-(i)=i})5(^)' 

x=2 

which converges as A/" ^ oo to 

I eP^u{t,uf ■2pR{t,u){l - pR{t,u)){g{u) + g{-u)fdu, 

by the hydrodynamic limit, i.e., by Corollary 5.3 of [9]. 

Now let us state the following lemma, which concludes the proof of Proposition 4.3. 

Lemma 4.16. There exists a Q-cylindrical Brownian motion W with the covariance de- 
termined by (4.13) such that the weak limit ofy/NMl^{g) as N ^ oo has the same law as 
that of the process 

P f [ e^l"l/2,^(s, \u\W2pR{s, \u\){l - pr{s, \u\))g{u)W{dsdu). 

Jo JR 

Therefore, the limit of^^{t,u) is characterized by the SPDE (4.12). 
Proof. Let us consider 

(5) =^Y.~^nx)gm - ^E^o"^(^)5(t) - fb^{^^,9)ds, 

Mf (5) =(Mf (5))' - {VNM^{g))t. 

Here, M.^ (g) is nothing but \/NM^ [g) appeared in (4.47). However, to make the explana- 
tion of the proof clear, we introduce this notation. From the definition of $^(x), we know 
that both of the above processes are martingales. Let P be a limit point of the sequence 
P^, the distribution of $^(t, •) on £>([0, T], C(M)). Then, it is clear that V is concentrated 
on C([0, T], C(]R)) from Lemma 4.13. In the following, with some abuse of notations, we 
will use #(t) to denote the canonical coordinate process on C([0, T], C(M)). Assume F 
denotes an arbitrary Z?([0, s], C(M))-measurable function defined on Z?([0, T], C(]R)) with 
continuous and bounded restriction on C([0, T], C(M)). From the explanations at the 
beginning of this subsection, for < s < t < T, letting N ^ oo, we can show 

ET'[{Mt{g)-M,{g))F] = lim [(Mf (5) - Mf (ff))F] =0, 

[{Mt{g) - Mt{g))F] = lim E^"" [(Mf (5) - M^{g))F] = 0, 

iV-)-oo 

where E^ denotes the expectation with respect to V, 

ft 

(4.48) Mtig) -Mm, 9) - {m,9) - / {^{s),g" - ^g)ds, 

Jo 
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(4.49) Mt{g) :={Mt{g)f - f [ i^^{s,u)g{u){g{u) + g{-u))duds, 

Jo Jr 

and ip{t,u) = l3u;{t, \u\)e^^'^^^'^ ■ ^J2pR{t, \u\){l - pnit, \u\)) in this part. Therefore, we de- 
duce that both of the processes Mt(g') and Mt(5) defined by (4.48) and (4.49), respectively, 
are V- martingales. 

Using a similar way to [1], we call that a probability measure V on C([0, T], C(R)) 
is a martingale solution of (4.12) if the law of $(0) under V coincides with the law of *o 
under P and for any test function </, Mf((/) and Mj(5') are T'-local martingales. We refer 
to [8] for another approach to study martingale problems for SPDEs. 

In the following, we will show that the martingale solution of (4.12) is equivalent to 
its weak solution. To show this, we associate a martingale measure M(t, A) on [0, T] x M 
to Mt(g'). In other words, we will assume that M(f, A) is a continuous worthy martingale 
measure, see [19], with quadratic variational process 

{M){dtdu) =il^'^{t,u)dtu{dv), 

where iy{A) = \A\ + \ — A\ for any Borel subset A of R and —A := {—x : x G A}. Let us 
consider a Q-cylindrical Brownian motion W with covariance defined by (4.13) such that 
it is independent of V. We remark that this can be realized by extending the probability 
space and the corresponding filtration. However, for the brevity of notation, we will still 
use V to denote the extended probability measure. Now set 

(4.50) Wt{g) = [ [ -^^l{^(,,„)^o}M(dsdn) + / / l^^(s,u)=o}9{u)W{dsdu). 

Jo Jr y\^: '^j Jo Jr 

Prom the symmetry of ijj{t, u) in u and the independence of M and W, we see that 

E'P[wl{g)] = f j g{u){g{u)+g{-u))dsdu. 
Jo Jr 

Therefore, by Levy's martingale characterization theorem, we know that Wt is a 
Q-cylindrical Brownian motion with covariance characterized by (4.13) and 

Mt(5) = / / ^p{s,u)g{u)W{dsdu). 

Jo Jr 

In fact, by the definition of W^, see (4.50), we have that 

/ / tp{s,u)g{u)W{dsdu) = [ [ ^p{s,u)^^^^l{^(^g^y^)^o^M{dsdu) 
Jo Jr Jo Jr 

+ '^{i;{s,u)=o}'4^is,u)g{u)^idsdu) = / / g{u)M{dsdu). 

Jo Jr Jo Jr 

Combining this with (4.48), we obtain that 

($(i),5) = ($(0),5)+ fms),g"-^g)ds+ f j ^{s,u)g{u)W{dsdu), 
Jo ^ Jo Jr 

which means that the martingale solution satisfies (4.12) in its weak sense with the Q- 

cylindrical Wiener process W(t) constructed by (4.50) by the arbitrariness of g. In the 

end, we remark that the martingale problem is well-posed, that is, the uniqueness holds, 

which is clear from the uniqueness of the weak solution. □ 
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5 Invariant Measures of the SPDEs 



To compare our dynamic fluctuation results with the static fluctuations formulated in 
Proposition 5.1 below, we explicitly compute the invariant measures of the SPDEs (2.4) 
and (2.6). 

5.1 Static Fluctuations 

First, we state a result for the fluctuations under grandcanonical ensembles Mti^^ a^id 
which is in fact simpler than those under canonical ensembles, see [16], [7], [20]. 
Let -0(7 and i/jr be the height functions of the Vershik curves: 

V'i/(tx) = --log(l-e-""), ueRl, 
a 

V'i?(u) = -^log(l + e-^"), ueR+. 

Then, for the static fluctuations '^§{u) and ^r{u) defined by 

*^(n) := ^{i,^{u) - Vc/(n)) , ueRl, 
^^(u) := ViV(^^(«) - VR(n)) , ueR+, 
we have the following proposition. 

Proposition 5.1. The fluctuation fields '^^{u) and ^^(n) weakly converge to ^'(/(it) 

and "^r{u) under fJ-^^^ and fj!R^\ respectively, as N oo, where o-f^ mean 

Gaussian processes with covariance structures 

Cu{u,v) = —pu{u\/ v), u,v eM°, 
a 

Cr{u,v) = -pniuy v), u,veR+, 

and pu = —ip'ij{= p'lj in (3.17) ), pR = —ipR are slopes of the Vershik curves, respectively, 
with uV V = maxju, v}. 

Proof. The proof is not difficult by noting the following facts. Under /i^, the height 
differences ^{x){= iIj{x — 1) — tp{x) or i^{i;pi = x}),x G N, arc independent random 
variables, which are geometrically distributed: iJ,fj{^{x) = k) = / (1 — a) for A; G Z+ with 
a = e^. On the other hand, under /x^, the height differences r]{x),x G N, are independent 
and distributed as p,^j^{r]{x) = k) = j (1 + a) for = 0, 1 with a = . □ 

Remark 5.1. (1) As shown in [20], [7], the CLT under canonical ensembles can be reduced 

from that under grandcanonical ensembles by removing the effect of fluctuations of area. 
(2) The Gaussian process ^r satisfies G L^(M+) a.s. for every r > — /3/2 (L^ is defined 
also for r < 0), since 

/'OO 1 /"OO 

^[l*«li?(M+)] = I E\^R{uf\e-^^^du =-j^ PR{u)e-'^-du 
is finite if and only if 2r + /3 > 0. 
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5.2 Uniform Case 

Let Qu be the differential operator 

Qu 



d ( 1 d - 

du \ pu{u){l + pu{u)) du. 



defined on L? , du) . Note that this operator does not require any boundary condition, 
see Remark 2.1. 

Theorem 5.2. The Gaussian measure N{0,Q^^) is the unique invariant measure of the 
SPDE (2.4), which appeared in Theorem 2.2. 

Proof. Since p(t,u) in the SPDE (2.4) converges as t ^ oo to pu{u), we may study the 
invariant measure of the SPDE: 

(5.1) dt^{t, u) = Au^it, u) + ^/2gu{u)W{t, u), 

where 

Au^(u) := , / ^^J , / y.^ and gu{u) = 



\\-rpu{u)f' (l+Pf/(n))2 ' X^puiu)- 

Note that one can rewrite the operator Au as 

Au^{u) = -gu{u)Qu^{u). 

In particular, Au is symmetric in the space := L'^{Rl,l/gu{u)du). Let e*^'^ be the 
semigroup generated by Au on L'^. Then, the solution of the SPDE (5.1) can be written 
in the mild form: ^ 

Jo 

In particular, for every tp G Lfj, we have 

However, since Au on Lfj is unitary equivalent to —Qu on L2(M^), Lemma 5.3 below 
implies Au < — c with c > and therefore mt ^ ^ t ^ oo, while 



ft 

e'^^i/'ll^a ds 



= 2 j\e^'^^ 11^,11^)^2^8 ^ 2{{-2Au)-'iP,iP)u2^ = ((-Ac;)-^, 

as t ^ oo. This proves that {'^t,ip)Lfj converges weakly to N{0, {{—Au)~^ip,ilj) u"^) for 
every ip £ Lfj, which is an equivalent formulation to (^'j, 93)^2 converging weakly to 
N{0, {{-Au)~'^ {(pgu), y^) L^) by taking ip = ip/gu- However, {-Au)~^{(pgu) = Qu^^ and 
this implies the conclusion. □ 
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Remark 5.2. Since Cu{u,v) is the Green kernel of Qu^, this gives another proof of the 
static result in U-case. 



Lemma 5.3. (Poincare inequality; U-case) There exists c > such that (/, Quf) > c||/p 
holds for every f G C^{W\_)r]L'^{M°^.,du), where the inner product and the norm are those 
of the space L'^{W^, du). 

Proof. We divide into a sum of integrals over (1, oo) and (0,1], and estimate them 
separately. We begin with the integral over (1, cx)). Set 

auiu) = {upu{u){l + pu{u))}~^ , e M+. 

Note that au{u) > and C = au{u)~^du < oo and by Schwarz's inequality, we have 
for every / € C^{M.°+) that 

f^{u)du = J [J f\v)dvj du<C J du j f{vfau{v)dv 

r-oo poo f'(v)'^ 

< C / f{vfvau{v)dv = C / ; Y du. 

Ji Ji Pu[u)[^ + pu{u)) 

Next, we study the integral over (0, 1). By Schwarz's inequality, 

f\u)du = J^' (/(n) - /(I) + f{l)ydu < 2^ (/(n) - + 2f{l)\ 

We estimate two terms in the last expression separately. The first term is estimated by 
Schwarz's inequality again as 



< C ^ r^4r^^^ —du. 



pu{u){l + pu{u))' 

To bound the remaining term, we need more detailed estimates. First, we obtain the 
following bound 



- f{l))^du = f'{v)dvydu < J^\£ f'ivfvldv) v-ldv)du 

<2^ f\'"f^^dv^du = 2j^ f{vfv^(^j^ u-^du^dv = 4 f'{v 



"^v^dv. 



Inserting the relation {pu{u){l + puiu))} ^ = (e"" — l)^e > a^e °n^, u G [0, 1], into 
the last term of the above inequality, we have that 

f\f{u) - f{l)Ydu < Aa-\- f /'I f du. 
Jo Jo Pu{u){l + pu{u)) 

Combining inequalities obtained up to this point, we conclude that 

f\u)du < C / ; Y du = C(/, Quf) 

Jo Pu[u){l + pu[u)) 

where C = 3C+8Q;~^e". The last equality follows by integration by parts with / G Co(M+) 
in mind. One can extend the class of functions /. □ 
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Remark 5.3. It is also possible to obtain the invariant measure for the U-case from the 
one for the RU-case in Theorem 5.4 by using the transformation used in Section 3 . 



5.3 Restricted Uniform Case 

Let Qr be the differential operator 

Qr 



_d_( 1 d 



du\pR{u){l - pr{u)) du) 

defined on L^(R+, dw) with the Neumann boundary condition at u = 0. 

Theorem 5.4. The Gaussian measure N(0,Q-^) is the unique invariant measure of the 
SPDE (2.6), which appeared in Theorem 2.3. 

Proof. Since p{t,u) in the SPDE (2.6) converges as t — > oo to pr{u), we may study the 
invariant measure of the SPDE: 



(5.2) 
where 



dt^it, u) = AR^'(i, u) + ^/2gR{u)W{t, u), 



Ar^{u) := ¥'{u) + P{1 - 2pR{u))^'iu) and gRiu) = PRiu){l - pr{u)). 
Note that one can rewrite the operator Ar as 

Au'^iu) = -gR{u)QR^{u). 

In particular, Ar is symmetric in the space L| := L'^(R+,l/gR{u)du). Let e*^« be the 
semigroup generated by Ar on Lj^. Then, the solution of the SPDE (5.2) can be written 
in the mild form: ^ 

Jo 

In particular, for every ^ G Lj^, we have 

J 

However, since Ar < — c from Lemma 5.5 below, — > as t — > oo, while 

^[^'] = / \\\fl^^'-'^''''^\\hds = 2 \\e^^-m.Js 

= 2 f\e^'^'^^,i;)L2^ds ^ 2((-2^fl)-V,V')L| = ((-^r)" V, 
as t ^ oo. This proves that {'^t,i^)L^ converges weakly to N{0,{{—AR)~^'tp,tp)^2 ) for 

R R 

every ■0 £ L'r, which is an equivalent formulation of ('I't, 99)^^2 converging weakly to 
A^(0, ((-Ai?)-^(</?5'i?))</')L2) by taking Lp = i^/gR. However, {-AR)-'^{ipgR) = Q^^tp and 
this implies the conclusion. □ 
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Remark 5.4. Since Cr{u, v) is the Green kernel of , this gives another proof of static 
result in RU-case. 

Lemma 5.5. (Poincare inequality; RU-case) There exists c > such that {f,QRf) > 
c||/|p holds for every f € C^(M+) n L^(]R+,(in) satisfying f'{0) = 0, where the inner 
product and the norm are those of the space 

Proof Set 

Note that aR{u) > and C = aR{u)~^du < oo and by Schwarz's inequality, we have 
for every / € C(J(M+) that 

poo poo , poo , 2 /"^ 

/ f^{u)du = ( f'{v)dv) du<C du f'{vfaR{v)dv 

Jo Jo ^Ju ^ Jo Ju 

POO 

= C / f{vfvaR{v)dv = C{f, QRf). 
Jo 

The last equality follows by integration by parts with /'(O) = in mind. One can extend 
the class of functions /. □ 
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